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We present a stochastic path integral method to calculate the full counting statistics of conductors
with energy conserving dephasing probes and dissipative voltage probes. The approach is explained
for the experimentally important case of a Mach-Zehnder interferometer, but is easily generalized
to more complicated setups. For all geometries where dephasing may be modeled by a single one-
channel dephasing probe we prove that our method yields the same full counting statistics as phase
averaging of the cumulant generating function.
PACS numbers: 73.23.-b, 03.65.Yz, 72.70.+m
Introduction – Voltage probes are essential elements of
many small conductors. In mesoscopic structures such
probes permit to obtain information deep within the
phase-coherent volume [1, 2, 3]. An ideal voltage probe
is an infinite impedance terminal with zero net current
flow, i.e. any electron leaving the conductor through the
probe is thermalized by dissipation and later on fed back
into the conductor. Early theory [4, 5, 6] used dissipative
voltage probes as simple and successful means to inves-
tigate the transition from quantum coherent conduction
to the classical series addition of resistances. Later on it
was realized [7, 8] that theoretically dissipation at a probe
can be suppressed by demanding that each electron ex-
iting into the probe is replaced by an electron incident
from the probe at the same energy. Such a dephasing
probe can serve as a simple model to describe dephas-
ing in mesoscopic conduction processes. The power of
this phenomenological approach resides in the fact that
the theoretical modelling may be split into two tasks,
first the coherent part of the problem is treated by the
well-developed scattering theory [9], second dephasing is
taken into account by evaluating the response of the de-
phasing probe.
Voltage and dephasing probes also play an important
role in the investigation of noise and current correla-
tions in mesoscopic conductors [7, 8, 9, 10, 11, 12, 13].
As a prominent example it has been predicted [14] and
recently measured [15] that inelastic scattering gener-
ated by a voltage probe can render the sign of cross-
correlations positive, while to the contrary anti-bunching
of quantum coherent electrons causes always negative
cross-correlations of currents. Nevertheless, despite the
wide use of voltage and dephasing probes [16], the theory
remains in many respects not well developed.
The central aim of this work is to provide a unified de-
scription of electrical transport in the presence of voltage
or dephasing probes using the framework of full count-
ing statistics (FCS) [17]. We employ the stochastic path
integral approach [18] and calculate explicitly the gen-
erating function of the FCS. Focusing on the dephasing
probe, we apply the theory to a Mach-Zehnder interfer-
ometer (MZI). We compare our results to averaging over
a phase distribution and to classical exclusion models.
For the case of the MZI we find exact agreement among
the models, however this coincidence does not hold for
more complicated scatterers.
Dephasing Probe – The electronic MZI is shown in
Fig. 1. It consists of two arms connected to four elec-
tronic reservoirs 1 to 4 via reflectionless beamsplitters A
and B and to one dephasing probe φ. Transport in the
single mode arms is unidirectional (indicated by arrows),
corresponding to transport along edge-states in the quan-
tum Hall regime (such a setup was recently realized ex-
perimentally [19]). A bias eV is applied to reservoir 1, the
other reservoirs are kept at ground. An Aharonov-Bohm
flux Φ threads the interferometer. The transmission (re-
flection) probability of the beamsplitters is TA and TB
(RA and RB) respectively. The coupling to the probe
is ε, ranging from 0 for an uncoupled to 1 for a fully
coupled probe. The scattering matrix S for the total
system, including the probe, is found along the lines of
e.g. Ref. [20]. We consider for simplicity zero temper-
ature, the electron occupation function is thus unity in
reservoir 1 while zero in reservoirs 2 to 4 in the energy
interval 0 ≤ E ≤ eV of interest. The occupation function
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FIG. 1: Mach-Zehnder interferometer coupled to a dephasing
probe φ; ε, λφ, and nφ are the coupling strength, counting
field, and the electron distribution of the dephasing probe.
2nφ(E) describes the state of the dephasing probe.
The FCS is the probability distribution Pc(Q3, Q4) =
(1/4pi2)
∫
dλ3dλ4 exp[−i(λ3Q3+λ4Q4)+Sc(λ3, λ4)] that
charges Q3 and Q4 are transmitted to reservoirs 3 and 4
during the measurement time τ . The FCS is expressed in
terms of a cumulant generating function Sc(λ3, λ4) yield-
ing all irreducible cumulants by consecutive derivatives
〈(Q3)n3(Q4)n4〉 = ∂n3+n4Sc/(∂iλ3)n3(∂iλ4)n4 . To de-
rive Sc we first obtain the generating function S0 for a
fixed value of the occupation function nφ in the dephas-
ing probe. This is achieved by using the scattering ma-
trix expression introduced by Levitov and Lesovik [23]
S0 =
1
h
∫
dE
∫ τ
0
dt H0(λφ, nφ) with
H0 = ln det
[
1 + n
(
Λ†S†ΛS − 1)] (1)
and n = diag(1, 0, 0, 0, nφ), Λ = diag(1, 1, e
iλ3 , eiλ4 , eiλφ).
It is clear that this generating function S0 is not the
solution of the full problem, since current and current
fluctuations at the dephasing probe obtained from deriva-
tives with respect to λφ are non-zero. This violates the
defining property of the dephasing probe [4], that for each
energy not only average current but also low-frequency
current fluctuations are zero. Therefore we introduce
fluctuations of the distribution function nφ on the slow
time scale of τd which is set by the delay time of particles
in the probe. These fluctuations respond in such a way
that the incoming particle current in each energy interval
is compensated exactly by an induced outgoing current.
As a consequence, there is no charge pile-up in the probe
and all carriers end finally up in terminal 3 or 4. This
idea can be formalized under the assumption that τd is
much longer than the time spread τs = h/eV of individ-
ual electron wave packets. This high-voltage assumption
allows us to derive the generating function Sc of the cur-
rent fluctuations from S0 employing the stochastic path
integral approach [18]. The condition of charge conser-
vation in the probe formally enters the total generating
function as a factor iQ˙φλφ = iτd/h
∫
dEn˙φλφ where Qφ
can be seen as a charge stored in the dephasing probe.
Moreover, being interested in the charge distribution in-
dependent on the particular realization of nφ we integrate
over the occupation function. As a consequence the total
generating function Sc is expressed as a path integral
eSc =
∫
DnφDλφ exp
{∫ ∫ τ
0
dEdt
h
[−iτdλφn˙φ +H0]
}
.
(2)
We evaluate this path integral in the saddle point ap-
proximation (Gaussian corrections are discussed below).
The saddle point equations are
in˙φ =
1
τd
∂H0
∂λφ
, iλ˙φ = − 1
τd
∂H0
∂nφ
. (3)
In what follows we will only consider the stationary limit,
τ ≫ τd, and can therefore omit the time derivatives in
Eq. (3). The solutions λ¯φ and n¯φ are readily obtained and
substituted back into Sc. This then gives the stationary
generating function (ψ = 2piΦ/(h/e) and N = eV τ/h),
S¯c = N ln
[
b
(
1− ε
2
)
+ c
√
1− ε cosψ + ε
2
√
b2 − c2
]
,
(4)
the main result of this work. We note that the first
and second derivatives of S¯c reproduce known results for
current and noise calculated with the dephasing probe
[11, 20, 21, 22] and that the generating function be-
comes flux independent in the limit of strong dephas-
ing, ε → 1. The first term in S¯c is proportional to
b = (TATB + RARB)e
iλ3 + (TARB + RATB)e
iλ4 repre-
senting the classical contribution due to particles which
go either along the upper or the lower arm, the second
term is proportional to c = 2
√
RATARBTB
(
eiλ4 − eiλ3)
giving the coherent quantum interference contribution.
The last term proportional to
√
b2 − c2 has an exchange,
or two-particle interference origin: the dephasing probe
gives rise to two-particle processes such as 1→ 3, φ→ φ
and 1→ φ, φ→ 3 which are indistinguishable.
To determine the range of validity of the saddle point
approximation, we introduce fluctuations of the occupa-
tion number nφ = n¯φ + δnφ(t) and of the Lagrange mul-
tiplier λφ = λ¯φ+ δλφ(t) and expand the exponent of Eq.
(2) up to second order in the fluctuations. Carrying out
the gaussian integrals we obtain the contribution
δ2Sc = − τs
τd
N
ε
4RATA exp(S¯c/N)
(5)∣∣∣2RA(RBeiλ3 + TBeiλ4)− b+ (TA −RA)√b2 − c2∣∣∣
The saddle point approximation is thus valid if τs/τd ≪
1. Note that the delay time can be expressed in terms
of a density of states τd = hNF of the dephasing probe.
One may thus equivalently state that our approximation
is valid if the number of states in the probe participat-
ing in transport is large, NF eV ≫ 1. It should also be
emphasized that the path integral calculation is easily ex-
tended to more than one probe: it is sufficient to replace
nφ and λφ by corresponding vector quantities.
Phase averaging – It is interesting to compare the de-
phasing probe approach with the most elementary model
for dephasing, a phase averaging. Consider the upper
arm of the MZI coupled with strength ε not to a dephas-
ing probe, but to an elastic (coherent) scatterer reflecting
with a phase factor eiϕ (see Fig. 2a). Guided by random
matrix theory [9], we assume that the phase ϕ is uni-
formly distributed and therefore simply average the cu-
mulant generating function over the scattering phase [24].
An electron traversing the upper path can enter the scat-
terer and after multiple internal reflections continue on
its path with an additional total phase factor eiϕ˜. The
electron phase ϕ˜ is related to the scattering phase by
ϕ = ϕ˜+ pi+2 arctan[
√
1− ε sin ϕ˜/(1−√1− ε cos ϕ˜)]. In
3terms of the new variable ϕ˜ the phase average becomes
〈Sc〉ϕ = N
∫ 2pi
0
dϕ˜f(ϕ˜)H0(ψ + ϕ˜)|ε=0, (6)
where the 2pi periodic distribution of ϕ˜ is given by
f(ϕ˜) =
1
2pi
dϕ
dϕ˜
=
1
2pi
ε
2− ε+ 2√1− ε cos(ϕ˜) . (7)
The outcome of the phase average agrees exactly with
the result (4) obtained from the dephasing probe model.
Therefore one can argue that the dephasing probe acts
like a disordered mirror that reflects with the phase dis-
tribution f(ϕ˜). We remark that a microscopic model
for the scatterer is a single mode chaotic cavity with a
dwell time much longer than τs (recently, the influence
of dephasing on noise was modelled using a many mode
chaotic cavity [25]). It is possible to show that the agree-
ment between the dephasing probe and phase averaging
holds for an arbitrary mesoscopic conductor connected
to a single probe. For a conductor characterized by a
scattering matrix S of sizeM +1 (last index denotes the
probe terminal) the generating function is given by
Sc = N ln
[
A+
√
A2 − 4B
]
(8)
with A = F00 + F11 − F10 and B = F10F01 −
F00F11 where Fαβ = det[1 + n¯α(Λ
†
1S
†ΛβS −
1)] with n¯α = diag(n1, n2, ...nM , α) and Λα =
diag(eiλ1 , eiλ2 , ...eiλM , α). Note that for any geometry
containing two or more probes, the dephasing probes de-
stroy interference between paths that pass a given set of
probes in different chronological order. Such an interfer-
ence is not removed by phase averaging. Therefore, it
is generally not possible to describe the effect of many
dephasing probes with phase averaging.
Classical exclusion models – The FCS in the limit of
complete dephasing (ε = 1) may also be understood
from a completely classical point of view. In exclusion
(classical ball) models electrons enter the interferometer
through terminal 1 as a regular noiseless stream of classi-
cal particles (see Fig. 2b). Time and space are discretized
and in each time step the particles in the interferometer
arms propagate one site forward. At the beamsplitters A
and B the particles scatter with the same probabilities,
TA, RA, TB and RB, as in the quantum case. The Pauli
principle is introduced by hand by excluding scattering
events which would lead to two electrons occupying the
same site.
To calculate the noise of the MZI in the classical limit
(ε = 1), Marquardt and Bruder [11] consider an exclusion
model with both arms of the interferometer having equal
length (the same number of sites). Consequently, two
electrons can not arrive simultaneously at beamsplitter
B and the Pauli principle never comes into play. The
generating function for this model is given by
Sc = N ln b. (9)
Surprisingly, there is a disagreement between the exclu-
sion model result and the dephasing probe (and phase
averaging) result in Eq. (4). The fact that the dephas-
ing probe model does not reproduce a seemingly obvious
classical result lead the authors of Refs. [11] to strongly
question the reliability of the dephasing probe.
As it turns out, this contradiction can be resolved by
considering a model with unequal arm lengths [11]. Such
a model takes into account that the dephasing probe ef-
fectively delays the particle a time ∼ τd. Particles that
enter the interferometer at different times might thus ar-
rive at the second beamsplitter B simultaneously and
consequently, the Pauli principle comes into play. The
generating function for an interferometer with finite arm
length difference can be calculated with known methods,
see e.g. [26] and is found to be
Sc = N ln[b/2 + 1/2
√
b2 − c2] (10)
which completely agrees with Eq. (4) in the limit of ε =
1. The term
√
b2 − c2 identified above as an exchange
term is in the classical ball model a direct consequence
of the Pauli principle. The dephasing probe model thus
captures correctly two essential ingredients of the FCS
in the presence of dephasing; it is able to destroy phase
information in the fermionic wavefunction and to keep at
the same time its antisymmetry, the Pauli principle.
Dephasing versus voltage probes – While in a dephasing
probe the occupation number nφ fluctuates to conserve
current at each energy, in a voltage probe nφ is Fermi
distributed and the voltage Vφ fluctuates to conserve the
total, energy integrated current [10, 14, 15, 27]. The
generating function in the limit of zero temperature is
SV =
τ
h
[∫ eVφ
0
dEH0|nφ=1 +
∫ eV
eVφ
dEH0|nφ=0
]
. (11)
In analogy to the procedure for the dephasing probe,
we get saddle point equations for the long time limit
dSV /dλφ = 0 and dSV /dVφ = 0. Importantly, for a sin-
gle probe in the linear voltage regime the saddle points
for dephasing and voltage probes are equivalent, i.e. the
FCS does not depend on the presence of dissipation.
Differences between dephasing and voltage probes be-
come visible when two or more probes are attached. As
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FIG. 2: a) Phase averaging: Electrons aquire a total phase
factor eiϕ˜ from multiple reflections (amplitude eiϕ) at a co-
herent scatterer. b) The exchange (classical ball) model for
equal (black) and different (pink) arm lengths.
4an illustrative example, we consider the MZI with a sec-
ond probe attached to the lower arm of the interferom-
eter, similar to Fig. 1. The corresponding unconstraint
generating function is nonlinear in occupation numbers
and counting variables of the probes, leading to more
complicated saddle point equations. We limit our discus-
sion to the first two cumulants, mean current and noise in
terminal 3, which already differ for the two probe types.
We first consider the case where the two probes are
disconnected, characterized by independent distribution
function nφ1 and nφ2 or voltages Vφ1 and Vφ2 respec-
tively. For the dephasing probe the current and noise
are obtained from the single probe result, Eq. (4) by re-
placing
√
1− ε with 1 − ε. The same result is found for
the voltage probe current but the noise differs by a term
proportional to ε2. Interestingly, the dephasing probe
result is also obtained from phase averaging by consid-
ering, in analogy to the single probe case, two uniformly
and independently distributed phases ϕ1 and ϕ2, one for
each probe. This equivalence, a result of the simple MZI
geometry, does not hold for more complicated systems.
For the case with the two connected probes, charac-
terized by a single distribution function nφ and a single
voltage Vφ respectively, the situation is quite different.
A particle entering the probe in e.g. the upper arm can
be reemitted in the lower arm, thus only the sum of the
currents into the two probes is conserved. In the limit of
complete dephasing, ε = 1, the problem simplifies con-
siderably: all particles injected from 1 are first emitted
into one of the two probes and then reemitted again be-
fore exiting into terminal 3 or 4. The mean current is
simply I = (e2V/h)/2, independent of the beamsplitter
scattering probabilities. For a voltage probe the noise
is suppressed to zero because the outgoing streams from
the two probes are noiseless, due to unit occupation in
the probes up to energy eV/2. For a dephasing probe
the distribution function is instead a two-step function
with nφ = 1/2 in the energy interval [0, eV ]. Thus, the
streams incident on B are occupied with probability 1/2,
leading to a noise Sdeph = (2e
3V/h)/8, again indepen-
dent on beamsplitter scattering probabilities. Note that
there is no natural extension of the phase average to the
case with two connected probes.
Conclusion – We have extended the discussion of volt-
age probes and dephasing probes for current and noise
to the level of full counting statistics, valid for the case
that the dephasing mechanism is slow and averages over
many electron wave packets. For conductors connected
to a single dephasing probe we find that there exists a
phase distribution such that the phase average of the
generating function of FCS is identical to the generat-
ing function of the conductor with the dephasing probe.
Contrary to statements in the literature, this proves that
dephasing probes correctly account for the Pauli princi-
ple and exchange effects. The stochastic path integral
approach, which correctly describes exchange effects in
the multichannel limit [18], can readily be extended to
the multiple (or multichannel) probe case. No such sim-
ple extension is possible for phase averaging. The physics
of voltage probes, an essential element of electrical trans-
port, and the closely related dephasing probe approach
will likely also in the future remain an important element
in discussions of the statistics of the conduction process.
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